Linear programming problems for $L_1$ optimal frontier estimation by Girard, Stéphane et al.
HAL Id: inria-00070541
https://hal.inria.fr/inria-00070541
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Linear programming problems for L_1 optimal frontier
estimation
Stéphane Girard, Anatoli Iouditski, Alexander Nazin
To cite this version:
Stéphane Girard, Anatoli Iouditski, Alexander Nazin. Linear programming problems for L_1 optimal
frontier estimation. RR-5466, INRIA. 2005, pp.34. ￿inria-00070541￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
54
66
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
Thème NUM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Linear programming problems for L1 optimal
frontier estimation
Stéphane Girard — Anatoli Iouditski — Alexander Nazin
N° 5466
Janvier 2005
Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)
Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52
 
		
		

	
L1
 !"#$	%%&	
'%()!
*,+$-/.%0214357698;:$1<:>=
∗ ?@ 321<+$A4B;8&CDAFE%=8G+>H>I,8 ∗ ?%@ B;5KJ%143=5L:M14N/8G3 †
O&PRQ(SUTVXWZY\[^]`_badceQ(SUT"af`gRSUh"ikjml/gRT"a
noikprqdTcY9jmadcejsa
tuKvRv4prikcwbT)ikT>xyPRT(iyxyPRTzfF{|}L~L~7[Lurf`/jsT(irrL|
[\K}vuKLT"a
 %"(Rrr TZvRieprv4pLakTfRT(pLvbckjsSuKT>adcejSuKckpriyapLickPTZ,jsvaexyPRjckieprf/ckjsT(ipK,uakTcpK'v<pLjf/cya(
O&PT(_urikT
wbT(fRT>w9ura& rT"ikfT('T"a¡ckjsSucepriya&¢<T"jfRa¡gb£¤x(jT"fLce_ikT"rgRmuKi>¥bxpLT(iejfRUuKs'cePRTv4prjsfLcyauKf<w
PpLakTXuraea¡pbx(jsuKckT"w a¡gRvv<pLi¡cjsapK¦akSuKsT>adc&a¡gRik§urx(Tr2O&PRTZT"a¡ckjsSUuKckpLieauKieTXiej¨ckckT(furajsfRT"urix(prS©¢Rj¨ª
f<uckjsprf<apK' LT(iefRT(gRfxDcejpLfauKvRvRsjsT"wckpckPRTXv<pLjf/ceapKFcePRTZaeuKSUvRsTr2O&PRTXx(p`T£¤xjsT(f/ceaopK'cePRTXsjfT"uKi
x(prS©¢Rjf<uckjsprf#urikTcePRT(f«xprSUvRgRckT"w¢`_#akprs/jsfR9ieT(muceT"wsjfRT>uKivikpLriyuKSUSUjfR9vikpL¢RT"S¬O&PRT
L1T"ikiepri¢<T(cdT"T(f ckPRT­T"a¡ckjsSuckT>w urfwUckPTZceikgTXieprf/ckjsT(igRfxckjsprfj¨cePu© /fpf ,jsvaexyPRj¨ce­x(prfa¡ceurf/c
jmaa¡PRpf¤ckp¢4T)uKsSp/adc&a¡gikT"_xpLf`rT(ierjsfR­ckp(T"ikp<¥/urfwUcePRTZiyuceTXpr¦xprf`LT(ierT(f<xTjmaovRieprT>wckp¢<T
pLvbckjsSuK;
®9¯/°F±e²³ ´%r¶µ gRfxckjsprfur,T"a¡ckjsSuckTL¥R,jsfRT"urivRieprriyuKSUSUjsfR¥
L1
T"ikiepri>¥rieprf/cejT"iT"a¡ckjsSUuKckjsprf,
·¸º¹$»y¹$¼d¸½»y¾`¿;À$Á>ÁrÂDÃÄ,ÅsÃ§ÂDÆ«ÄGÇ$È2ÉËÊ%Ì Ã§Èd¿;È¡»yÃG¼;Ç)¹$ÈÍÄËÎ'ÂDÃ§Ï­¹$Ã¦Ì4ÐÑyÒyÓÂyÅbÄ;Ç$ÈoÔFÈd¾ºÕD¸½»y¹­Ö%Âk×ÈdÃG¹>ÆÈ¡¹ÄoØs·ÈdÙ$ÈdÃG»y¾Ú!Û¼dÈ
ÅsÂDÃ!Ü"¼d¸ºÈd¹(ÄG¸ Ý¼DÞßbÈd¼àÇ$¹>¸º¼k»y¾R»y¹>Ù
áFÀ$¾ ÄGÀ$Ã;»y¾/Ê!âL»y¸ºÃG¿àãF¸º¿¦ÕDÃG»eÄGÈdÅÀ$¾º¾ ä­»y¼àÏ(¹$ÂkÎ¦¾ºÈdÙ$ÕDÈdÙ/å
ß,Ç$ÈÎ'ÂDÃGÏ­ÂyÅFÊåræ!»yçd¸º¹Ç$»y¿èKÈ¡Èd¹¼¡»yÃGÃ§¸ºÈdÙ©ÂDÀ"ÄÙ$À$Ã§¸º¹$ÕXÇ$¸º¿¿§Äà»dä
¸º¹Ü>éÜ$Ñeêbéá%Þrë¦¹$¸ ×ÈdÃG¿G¸ Ä;ì&Ö%ÃGÈd¹$ÂDè$¾ºÈÍíËÉàÞ/»y¹$Ù
Éæ%î,ÉËÊïî,Ç$ðD¹$ÈÍíËÊ!¾ºÁrÈd¿,Ç$ÂD¾ºÙZ¸º¹)ñDÀ$¹$È»y¹$Ù)Ú%¼ÍÄ;ÂDèKÈdÃò"æ¦Âk×ÈdÆèKÈdÃ2ÒDóDóyÓ$å
∗ Ü>éÜ$Ñeêbéá4íËÉé)Ê!ÖÞë¦¹$¸ ×ÈdÃG¿G¸ Ä;ìÖ%Ã§Èd¹$ÂDè$¾ºÈôDÞõDöy÷øeùDú(ûeü(øbýmþ$ÿ û yü(ûy÷
	"ÿrý	$ÿd÷ÿ>ÿ$ûý 
† ÉË¹$¿GÄG¸ Ä;À"Ä;ÈoÂyÅ<áFÂD¹(ÄGÃGÂD¾Ü(¼¡¸ºÈd¹$¼dÈd¿î,Ê2ÜKÞé)ÂD¿;¼dÂ¡ÎoÞ"ü(û$ÿÍü(ø>ÿÍùý (ÿrý 
  	%
 	
	)!( D	 ï 	
	d,!()!(
L1

!(( $	%%&	%
    VpLgaovikpLv<p/a¡pLfaowbTZfRprgrT"urgT"a¡ckjsSuckT"gRiyaprvRckjsSUurgv<pLgRisuikpLf/ckjsQ(ieTr¥LakgRvRv4pLakh(T
sjsvakxyPj¨ce(jsT(fRfRTL¥¦w gRfT(fakT(S©¢RsTUwRTv4prjsf/cea"©nogavRikh>xjma¡h"SUST"f/c"¥,fRpLga)xpLfa¡jmwbh"ikpLfa)wbT"a)T>adcejSuª
ceT(gRiyafRp_/uKg,¥%a¡gR£aeuKSUSUT(f/cieh(LgRjsT(iya"¥¦xpLgR`ieurfLc)ceprgaT>a
v<pLjf/cya
Tc©wRprf/cTa¡gRvv<pLi¡cuLakakpbxjsh
T>adc)wbT©akgRik§urx(TSUjfRjsSuKsTrÍsa­a h"x(ikjsrT"f/cZxpLSSUT©gRfRT©x(prS©¢Rjf<uKjma¡pLfsjsfRh"urjieT©wbTprfxckjsprfaXfRp_Lurg
urvRvRsjsl/gRh"T"auKgv<pLjf/ceawbT& h>xyPuKf/cejspLf,!¦T"axp`T(£x(jT"f/ceawbTxT(c¡ckTx(prS¢jfurjsakprfjsfRh"urjieT&a¡pLfLc2x(ur¨ª
x(gRsh"av<uKiieh"akprsgbckjsprf9w gRf9vRiepr¢Q"ST©wbTvRieprLieurSSuKckjsprfjsfRh"urjieTr&VpLgavikpLgRrpLfal/gRT T"ikieT(gRi
L1
T(f/ceikTmu)ieprf/ckjsQ(ieTT"a¡ckjsSUh(TT(cosu
ikpLfLcejQ"ikTieh(T"sTxpLf`rT(ierTvRieT"ael/gRTXaRikT"SUT(f/crT"iea2"h(iep
Tcl/gRT
mu`j¨ceT"aea¡T
wbTx(prf`rT"ikLT(fx(TXT"a¡cprvbcejSurTL
 ³ > ± 
  7"! a¡ckjsSUuKckjsprfïprf<xDckjsprffRT(sTL¥,vRieprLieurSSuKckjsprf¬sjfh"uKjsieTr¥'T(ieieT(gRi
L1
¥,T"a¡ckjsSucejpLfïwbT
ieprf/cejQ"ikTL
L1   	
   	  

  ©¦	 o!
Y uKf`_ vRieprv4pLaeuKmaUuKieTLjLT(f jf cePRT9sj¨ceT(iyuckgikTpri T"a¡ckjsSUuKckjsfR#u#a¡T(c
S
rjsrT(f u7fRjckT¬iyuKf<wbprS
akTc©pKv<pLjf/cyawbiyu$fïikpLS\cePRT jsf/ckT(iejspri>O&PRjma©vRikpL¢RsT(S\prT"wbLT¤pria¡gRvv<pLi¡cT>adcejSuKckjsprf#uKiejsakT"a
jsf x(suLakakj¨4x(ucejpLf "!$#&%')(* ,+-+-."/10ºK23¥oxsga¡ckT(iejsfR¬vRiepr¢RsT(Sa "!54$687" "/10º:9283D¥wbjsaexiejsS©ª
jsfurfLcUuKfur_bakjsa;<= $>@?A %B+')(* ,+-+C.,/D0º-283D¥uKfw#pLgbcksjsT(iya©wbT(ckT>xDckjsprfEFHGJI,!.&%,GK')LM68+CGN0 OP283D
Q vRvRsjsx"ucejpLfauKieTUprgfwjf#SUT>wbjsx"uKowRjsurrfRp/a¡jma	RS "! ,+-+GT/@U". VW
 0 r~P283
ura
T(suLa
jsf xprf<wbj¨ª
cejpLf¬SUprfRjckpLikjsfR¤prSurxyPRjsfRT"aXFHGJIB!&.&%BGY'ZLM68+CG[0 O283D Íf¬jSurrT©urfuKs_ba¡jma"¥cePRT©akT(LST"f/ceucejpLf
vikpL¢RT"Sx"uKf¬¢4T©x(prfakjmwbT(ieT"wgRf<wbT(iZckPRTa¡gvRv<pLi¡c­T"a¡ckjsSuckjsprf v<pLjf/cZpr`jT"
¥<PRT"ikTckPRTa¡gvRv<pLi¡c
jmaXuxpLf/LT¢<pLgRfwbT>w¬a¡T(cZjsf
R
2 \H."!.,+4$G^]GJIK'ZR_+%,`a "U".IN0 K}23  T©ursakp¤v4prjsfLc­prgbc)a¡pLSUTurvRvRsjsx"ucejpLfa&jf9T>xpLfRprSUTceikjmx(a*§Tr bFHG^c^!$6/"+K¥ b
 0ed-283D Íf¬a¡gxyP9x"urakT"a"¥bckPRTgRfR `fRpf9a¡gvRv<pLi¡c
x"uKf¢<T
iejc¡ckT"f
S , {(x, y) : 0 ≤ x ≤ 1 ; 0 ≤ y ≤ f(x)},
f9-3
PT(ieT
f
jmaUuKf gfR `fRpf#gRfxckjsprf,hgT(ieTr¥cePRTvRiepr¢RsT(S ieT"wbgx(T"a©ckp7T"a¡ckjsSuckjsfR
f
¥ox(ursT"w ckPRT
vikpbwbgxckjsprfïieprf/ckjsT(i Ga¡T"TUprijsfa¡ceuKf<xTjk"!$#"]G *
 0l9COP283DO&PRT wRuKceu9xpLfakjsa¡c
pKvuKjsi (X,Y )PT(ieT
X
ieT(vRieT"akT(f/ceackPRTjfvRgbcX§sur¢<pLi"¥FT"fRT(ier_pri)x(uKvj¨cyuK3&gakT"wcep vRiepbwbgxTuKf¬pLgbckvgbc
Y
jf u
LjLT(f9<ikS Íf7akgxyPïuiyuKSUT(prie F¥cePRT©urgRT
f(x)
x"uKf¬¢4TUjf/ceT(ievRikT(ckT>w¬uraXckPRTUSu bjsSgRS sT(LT(
pr!pLgbckvRgRcPRjsxyPjmauckceuKjsfur¢RT­pLi&ckPRT
sT(LT('pKjsfRvRgbc
x

Q f T"uriks_ïvuKv4T(iuLaiej¨ckckT"f ¢`_nmXGT??J!.&%o0l9"P2prijsfwbT(v4T(f<wbT(f/cUjswbT"f/ckjmx(uKss_ïwbjma¡ckiej¢RgRckT"w pr¢bª
akT(ieucejpLfaZikpLS\uwbT(fakjcd_
φ
¤O&PRTvRieprv4pLakT"w¬T>adcejSuKckpri)jmau `jfw7pK&PRjmadceprLieurS ¢urakT"w prfïckPRT
T`ckieT(SUT)$urgT"a&pK%ckPTakurSvTLO&Pjsa&prie ¤&uraT`ckT"fwbT>wjsfcdpSuKjsf9wbjieT"xckjsprfa"
p f ckPRTprfT©Purfw'¥FvRjsT"x(T(jma¡Tv<pL_`fRpLSUjsursaZT"a¡ckjsSuckpLieaZT(ieTjsfLceikpbwbg<xT"w,)O&PT(_¬uKieT©wRTfRT>w spKª
x"uKs_ prf9uUrjsrT"fakjmxTuLackPRT
spT"a¡c&v4prs_`fRprSUjmuK'pr!bT>w9wbT(LikT"T­x(prT(iejsfRur,ckPRT
v4prjsf/ceajsfckPRT
x(prfakjmwbT(ieT"wakjmxTL¬O&PRT(jsipLvbckjsSuKsj¨cd_ïjf«uKf urak_`SUvbckprckjmxSUjfRjsSu  akT(fakT¤jmavRieprT>w7gfwbT(i©T>uK 
uLakakgRSUvbcejpLfa&prfckPT
ieuKckT
pK2wbT>xieT"urakT
α
pK%ckPTwbT(fakjcd_
φ
ckp&uKiywRa&U¢/_q\X.,!.,+4$G^]rG:Is'tR_+%@u
`a "U".Iv0 K}2Furfw¢`_iwk,!$#"]G xW
 0l9CyP2à ! `ckieT(SUTZurgRT>aSUTcePRpbwRa&uKieTckPT(f¤vRieprv4pLakT"wU¢`_i "]r]
SW
 0l9"~2'urfw¢/_qmH6z`aG^]J+='|{}G^/"7n0~9r92'ckpUT>adcejSuceTXcePRT)vuKiyuKSUT(ckT(i α  ! adcejSuKckjsfR f x(uKfuKma¡p¢4T(T"fx(prfakjmwbT(ieT"wurau­ikT"rieT"aea¡jsprfvRikpL¢RsT(S
Y = f(X)+ε
jckPUfRT"LucejLTfprjma¡T
ε
 ÍfckPRjma2xpLf/ckT`c>¥
spbx(ur<v4prs_`fRprSUjmuKFT"a¡ckjsSuckT>a&uKieTXjsfLceikpbwbg<xT"w,¥Ra¡T"T=\	/@687,$4v0ºKP2à¥bprib "]r] 
 0l9PdC2Fpriua¡jsSUjmuKi
urvRvRiepLuLxyP,
p f ckPRTUprckPRT"i­P<uKfw'¥!wbjFT(ieT(f/c)vRieprv4pLakj¨cejpLfaZpri
a¡SUp`pKcePRjsfRq­T4iep_  aZT"a¡ckjsSucepri)T"ikT©SurwbTUjsf
cePRTx(uLa¡T)pr%uUnprjmakakprfv<pLjf/cvRiepbxT>aka"mX6! "!$#['MT @&.,`s0l9(}2¦jsf/ckiepbwbgxT>wT"a¡ckjsSUuKckpLiea¢uLa¡T>w pLf
 LT(iefRT(oikT"rieT"aea¡jsprfa
urfwprikckPprrpLfuKakT(iejsT"a
SUTcePRpbwN0l9>`¥9"P2à Íf#cePRT aeuKSUT akvRjiejc"¥m "!$#,GT+q0 y2
vikpLv<p/a¡T>w u µ uK¢4T(ikªÍ]bPuKgwRT(iUT"a¡ckjsSuckpLi"mX6! "!$#'KG^/"/@G:4$G: $>o0l9>|P2jf/ckiepbwbgx(T"w u7rT"fRT(iyuK
iyuKSUT"pLik pria¡ckg<wb_`jfRT>adcejSuKckpriyapK%ckPRjmacd_`v<TurfwrT"fRT(iyuKsj"T"w¤ckPRT"SckpakgRvRv4prikcea&iej¨cejf
S = {(x, y) : x ∈ E ; 0 ≤ y ≤ f(x)},
PT(ieT
f
jmaurf¤gRfR `fRpf¤gRfxDcejpLfurfw
E
urf uKie¢RjckiyuKie_akTc>ÍfT"uLxyP x(uLa¡TL¥rcePRTZsjsSjcwbjsa¡ckiejs¢Rgbckjsprf
pr¦cePRT)T"a¡ckjsSUuKckpLijma&T"a¡ceur¢RsjsakPRT"w,  T
uKma¡pieTT(icep	X`&`T "!v0~92¦uKfwq^ @."`;'&>",>@G:4[0ºr-2,PRp
î!î¹ÐyÓ
}       
	Ww 
g<a¡T>w uakjsSjsmuKia¡SUp`pKcePRjsfR©urvRvRiepLurxyP¦¥/ur¨cePRprgRLPckPT(jsiT>adcejSuKckpriyauKieTXfRprc¢uLa¡T>wprf ckPRT­T`ceikT"ST
urgRT>a&pK!ckPRT
nprjmaea¡pLfvRiepbxT>aka"
O&PTZT>adcejSuceprivRieprv4pLakT"wjsf;<*.,>"&$ "!$# SW
 0 ~2,x(urf¤¢4T)x(prfakjmwbT(ieT"wUcep©¢4T(sprfckp©ckPT­jsf/ckT"ieakT"xc
pr¦cePRT"akT­cdpUwbjsikT>xDckjsprf<a( µ ieprSckPRT
vRiyurxckjmx(ur4v4prjsf/cpK!`jsT(
¥bjcjsawRTfRT>wuLau rT(iefRT"4T>adcejSuKckpri
pL¢bceurjfT"w9¢`_¬akSp`prckPRjsfRakprSUTUa¡T"T>xDceT"w9v4prjsf/cea­pKcePRTUakurSvTLO&PRT"akTv4prjsf/cea)uKieT©xyPRp/a¡T"f uKgRckpKª
SuKckjmx(uKss_¢`_akprs`jfu)jsfRT"urivRieprLieurSSUjsfR)vRiepr¢RsT(S ckppL¢bceurjf¤urfT"a¡ckjsSUuKckT>wakgRvRv4prikcx(prT(iejsfR
ur,ckPRTv4prjsf/ceaZuKfwjckP¬akSUursT"a¡cXakgRi¡§uLxTL µ ieprS ckPRTckPRT"prieTckjmx(ur,v4prjsfLcZpK/jsT(
¥ckPRjmaT>adcejSuKckpri
jmaakPRpf cepU¢<Tx(prfakjsa¡ckT"f/cpLi&ckPRT
L1
fRprieS
Íf¤ckPRjmaov<uKv4T(i>¥/TvRieprv4pLakTXakT(LT(iyuKRSUpbwbj<x(uKckjsprfapK'cePRTZur¢<pLTSUTckPp`w, µ jsiyadc>¥/u¢RjsuLaox(prieikT>xDckT>w
 LT(iefRT(!jsaXvRieprv4pLakT"w'Z]bT"xpLfw'¥Fa¡pLSUTikT"rgRmuKiejcd_xpLfa¡ckiyuKjsfLcyauKieTjsf/ckiep`wRgxT>wjf9cePRTpLvbckjsSUj>ucejpLf
vikpL¢RT"S  T­akPRp cePucckPRT­ikT>a¡g¨cejfR©T"a¡ckjsSuckpLioieT"uLxyPRT"ackPRT­prvbcejSur<SUjsfRjSu 
L1
iyuceTgv¤ckp
uZsprLurikjckPSjmx2§uLxDcepri3DO&PRTT>adcejSuKckprijma2wbT<fRT"wjf]`T"xckjsprf`2]`prSUT&vRieT(sjSUjsfuKie_)vRikpLv<T"i¡cejT>auKieT
T>adcyuK¢Rsjma¡PRT>wjf ]`T>xDcejpLfU¥Lurfw©ckPRTSurjfieT"akgRcjsa2vikT>a¡T"fLceT"wjsf ]`T"xckjsprfU}%niep/pr§auKieTv4pLa¡ckv4prfRT>w
cep¤]`T"xckjsprf¬|`
   	 '%()!
	
¦TcuKs`ckPTieurfwbprS urikjmuK¢RsT"a%¢4TwbT<fRT"w©prfUu­vRikpL¢uK¢jsj¨cd_akvuLxT
(Ω,F , P )
%O&PTvikpL¢RT"SzgRfwRT(i
x(prfakjmwbT(iyu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∂x
Kh(x, u) du = 0 ∀x ∈ [0, 1] .
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N∑
i=1
αi
f9(}3
subject to
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1N , (1, 1, . . . , 1)
T ∈ RN
;r|53
A , ‖Kh(Xi , Xj)‖i,j=1,...,N
;K~r3
B ,
∥∥∥∥∥
d
dx
Kh(x,Xj)
∣∣∣∣
x=Xi
∥∥∥∥∥
i,j=1,...,N
;rdW3
D , ‖1{(j − 1)/mh ≤ Xi < j/mh}‖i=1,...,N ; j=1,...,mh
;WOr3
Y , (Y1, . . . , YN )
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f9"~53Y 9d3pri*G^9C3 $GL53T(fakgRieT
f̂N ∈
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c
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N→∞
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N→∞
logN
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‖f̂N − f‖1 ≤
(
C12(β)h
β + 2C4(β)h
−2(logN/N)
2+β
1+β
)
(1 + o(1)) a.s.
§L|r3
. )%
C12(β) , 2Lf,β gmaxCβ(K,K
′) + 4Cα(gmax − 1)Kmax1{β = 1}
§L~r3
  
C4(β) , 2Lf,β


(
2Cf
Lf,β
) β
1+β (
1
ρ
) 2
1+β
+ gmaxCβ(K,K
′)
(
2Cf
Lf,β
) 1
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
 . GdW3
 ³  ³   §b °  ' %^w	IHr    W       P /    . %:7=%   / W      ? 2 ' %^     
‖f̂N − f‖1 = O
(
(logN/N)
β
1+β
)
a.s.
Éæ%î,ÉËÊ
L1   	
   	  
y
 wW        h H 0/ )%^S   

  ,.  Z/ 2    7I4
h ∼ ρ̃
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logN
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−2 a.s.
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Xi
ckp
X(i)
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1∫
0
f̂N (x) dx =


h∫
0
+
1−h∫
h
+
1∫
1−h

 f̂N (x) dx
}`53
=
1∫
0
N∑
i=1
αi
1
h
K
(
x−Xi
h
)
dx
}/r3
+
N∑
i=1
αi
(∫ h
0
+
∫ 1
1−h
)
g(x) − 1
h
K
(
x−Xi
h
)
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0
N∑
i=1
αi
1
h
K
(
x−Xi
h
)
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N∑
i=1
αi
∫
R
1
h
K
(
x−Xi
h
)
dx =
N∑
i=1
αi
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1∫
0
f̂N (x) dx −
N∑
i=1
αi ≤
gmax − 1
h
Kmax
N∑
i=1
αi


h∫
0
+
1∫
1−h

1{|x−Xi| ≤ h}dx
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≤ (gmax − 1)Kmax
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N∑
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αi 1{0 ≤ Xi ≤ 2h}
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§}ryr3
O&PTjfT"l/guKsjcd_ }y53&pLspa&ieprS  9PdW3akjfx(T
¢<prckP¬jsf/ckT"ikuKmajsfK}:d3 $}rOr3uKieT
pKckPTsT(fRrckP
2hurfw ckP`ga
Su$_¬¢4T¤xpLT(ieT"w¬¢`_9cdpikT"suKckT>w jsf/ckT(ieuKma)pKckPRTUpLikS
[(j − 1)/mh, j/mh]
jsfN 9Pd53D
  pLfakT"l/gRT(f/ce_L¥/T­Pu$rTZvRikpLT"wUcePRT)gRvRv4T(i¢4prgRf<w¤pLicePRT
wbj~4T"ikT"fxT­jfckPT­sTËcPurfwa¡jmwbTH}L~3D
O&PT©spT"iX¢4prgRf<w jmaXvikpLT"w9jsf¬cePRTakurST©SuKfRfRT"i" Íf<wbT(T>w'¥,wbT"x(prSUv4pLakj¨cejpLfn}`W3 $}r}3XjsSUvRsjT>a(¥
akjsfxT­ckPT)ckT(ieS§}r}r3jma&fRpLfbª;fT(LuKckjsrTL¥
1∫
0
f̂N(x) dx −
N∑
i=1
αi ≥ −
N∑
i=1
αi


0∫
−h
+
1+h∫
1

 1
h
K
(
x−Xi
h
)
dx
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≥ −Kmax
(
N∑
i=1
αi 1{0 ≤ Xi ≤ h}
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+
N∑
i=1
αi 1{1− h ≤ Xi ≤ 1}
)
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≥ −Kmax 2Cαh .
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max
x∈[0,1]
|f̂ ′N (x)|
G|K}3
= max
1≤i≤N+1
max
x∈[Xi−1,Xi]
|f̂ ′N (x)|
G|L|53
≤ Lf,β gmaxCβ(K,K
′)
logN
Nh2
+
1
8
max
1≤i≤N+1
[
(Xi −Xi−1)
2 max
x∈[Xi−1,Xi]
|f̂ ′′′N (x)|
] ;|K~r3
≤ Lf,β gmaxCβ(K,K
′)
logN
Nh2
+
1
8
(
CX
logN
N
)2
max
x∈[0,1]
|f̂ ′′′N (x)| ,
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x ∈ [0, 1]
|f̂ ′′′N (x)| ≤
N∑
i=1
αi
∣∣∣∣
d3
dx3
Kh(x,Xi)
∣∣∣∣
;|WOr3
≤ sup
u,v
∣∣∣∣
∂3
∂v3
Kh(v, u)
∣∣∣∣ ·
N∑
i=1
αi 1{|x−Xi| ≤ h}
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≤ gmaxL eK′′h
−4 · 3Cαh ,
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sup
u,v
∣∣∣∣
∂3
∂v3
Kh(v, u)
∣∣∣∣ ≤ gmaxL eK′′h
−4 G~^9-3
PT(ieT
L eK′′ , LK′′ + 3LK′Kmaxgmax + LKgmax
(
3LK + 10K
2
maxgmax
)
+ 6K4maxg
3
max .
G~L53
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max
x∈[0,1]
|f̂ ′N (x)| ≤ Lf,β gmaxCβ(K,K
′)
logN
Nh2
+
3
8
gmaxL eK′′Cα
(
CX
logN
Nh2
)2
h
G~rr3
≤ 2Lf,β gmaxCβ(K,K
′)
logN
Nh2
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N
3

h ≥
3C 2XCα L eK′′ logN
8Lf,β Cβ(K,K
′)N
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γ > Lf,β gmaxCβ(K)
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J∗P ≤ Cf + γh
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N ≥ N0(ω)
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N0(ω)
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gfxDcejpLf
fγ(u) = f(u) + γh
β uKfwvakT(gwRpKªàT"a¡ckjsSUuKckpLiea
α̃i =
1 + δi1
2
∫ Xi
Xi−1
fγ(u) du+
1 + δiN
2
∫ Xi+1
Xi
fγ(u) du , i = 1, . . . , N
§~rOr3
PT(ieT
δij
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α̃ = (α̃1 . . . , α̃N )
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f9Cy53Y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N
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GK3&uKfw
J∗P ≤
N∑
i=1
α̃i =
∫ 1
0
(f(u) + γhβ) du = Cf + γh
β .
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CX > 4Cf/fmin
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hβ ≤
logN
ρNh
≤ min
{
fmax
γ
,
1
ρCX
}
,
 dr3
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αi = α̃i
¥
i = 1, . . . , N
 µ priuKie¢RjckiyuKie_
x ∈ [0, 1]
¥
f̃N (x) ,
N∑
i=1
α̃iKh(x,Xi)
 dJ9-3
=
N+1∑
i=1
∫ Xi
Xi−1
fγ(u) du
Kh(x,Xi) +Kh(x,Xi−1)
2
 dK53
+
1
2
∫ X1
0
fγ(u) du (Kh(x,X1) −Kh(x, 0))
dKr3
+
1
2
∫ 1
XN
fγ(u) du (Kh(x,XN ) −Kh(x, 1))
d}3
=
∫ 1
0
fγ(u)Kh(x, u) du
dr|53
+
N+1∑
i=1
Xi∫
Xi−1
fγ(u)
(
Kh(x,Xi)+Kh(x,Xi−1)
2
−Kh(x, u)
)
du
dK~r3
+
1
2
∫ X1
0
fγ(u) du (Kh(x,X1) −Kh(x, 0))
drdW3
+
1
2
∫ 1
XN
fγ(u) du (Kh(x,XN ) −Kh(x, 1)) .
dWOr3
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
∫ 1
0
fγ(u)Kh(x, u) du = f(x) + γh
β +
∫ 1
0
(f(u) − f(x))Kh(x, u) du
dWyr3
≥ f(x) + (γ − Lf,β gmaxCβ(K))h
β .
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 d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
∫ Xi
Xi−1
fγ(u)
(
Kh(x,Xi) +Kh(x,Xi−1)
2
−Kh(x, u)
)
du
OT9-3
≥ fγ(x)
∫ Xi
Xi−1
(
Kh(x,Xi) +Kh(x,Xi−1)
2
−Kh(x, u)
)
du
O/53
−
Xi∫
Xi−1
|fγ(u) − fγ(x)|
∣∣∣∣
Kh(x,Xi) +Kh(x,Xi−1)
2
−Kh(x, u)
∣∣∣∣ du
OLr3
≥ −(fmax + γh
β)
(Xi −Xi−1)
3
12
max
u∈[0,1]
∣∣∣∣
∂2Kh(x, u)
∂u2
∣∣∣∣ 1{|x−Xi| ≤ 2h}
Or}3
−Lf,β
∫ Xi
Xi−1
|u− x|β 1{|x−Xi| ≤ 2h}
gmaxLK
2h2
[(u−Xi−1) + (Xi − u)] du.
O/|53
 _ urvRvRs_`jfR¦T(SUSu~¥`ckPRT)<iea¡cckT"ikS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(
OK}
) ≥ −
(
CX
logN
N
)2
fmax gmaxLK ′
6h3
(Xi −Xi−1)1{|x−Xi| ≤ 2h},
OL~r3
urfw ckPRTakT"x(prfwprfRT)jma¢4prgRfwRT"w¢`_

(
OL|
) ≥ −
gmaxLf,β LK
2h2
CX
logN
N
1{|x−Xi| ≤ 2h}
∫ Xi
Xi−1
|u− x|βdu .
OJdW3
Y¬prieT(prT"i"¥LieprS ¦T(SUSu~¥bprfRT
x"uKf9a¡PpiyadccePuc
N+1∑
i=1
1{|x−Xi| ≤ 2h}(Xi −Xi−1) ≤ 4h+
CX logN
N
,
urfwa¡T>xprf<w¤cePuc
N+1∑
i=1
1{|x−Xi| ≤ 2h}
∫ Xi
Xi−1
|u− x|βdu
OrOr3
≤
∫ x+2h
x−2h−CX(log N)/N
|u− x|βdu
Oryr3
≤
(
4h+ CX
logN
N
)
max
v∈[−2h−CX(log N)/N,2h]
|v|β
yrr3
≤
(
4h+ CX
logN
N
)(
2h+ CX
logN
N
)β
.
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c&ckPRT
¢4prgfwpri&ckPTa¡gRS dK~53&urapLspa

N+1∑
i=1
∫ Xi
Xi−1
fγ(u)
(
Kh(x,Xi) +Kh(x,Xi−1)
2
−Kh(x, u)
)
du
y/53
≥ −gmaxCX
logN
Nh
(
4 + CX
logN
Nh
)(
CXfmaxLK′
6
logN
Nh
yrr3
+
Lf,β LK
2
hβ
(
2 + CX
logN
Nh
)β) yK}3
≥ −
5
6
gmaxCX
(
logN
Nh
)2 (
CXfmaxLK′ + 3
β+1ρ−1Lf,β LK
)
.
yL|53
Q cmura¡c"¥bjcjsaakjsSjsmuKie_¤wbT"SUprfa¡ckiyuceT"w ckPuKc&¢4pKceP9a¡gRSUSuKf<wRa*drd3&uKfwsdWO53&uKieT­¢<pLgRfwbT>wur¢<pLT
¢`_
O((logN/(Nh))2)
 µ pLijfa¡ceurfxTL¥`pri_ d5d3¥RprfRT)pL¢bceurjfa
∣∣∣∣∣
∫ X1
0
fγ(u) du (Kh(x,X1) −Kh(x, 0))
∣∣∣∣∣ ≤ (fmax + γh
β)X1 |Kh(x,X1) −Kh(x, 0)|
≤ 2fmax gmaxLK
(
CX
logN
Nh
)2
.
yr~r3
O&P`ga"¥`ieprS  dJ9-3Yyr~53jcprspapLiT"urxyP
j = 1, . . . , N
ckPuKc
f̃N (Xj) ≥ f(Xj) + (γ − Lf,β gmaxCβ(K))h
β +O
((
logN
Nh
)2)
≥ Yj
ydW3
pLia¡gR£x(jT"f/cks_muKierT
N ≥ N0(ω)
PRT"f©¢4pKcePjfRT>l/guKsj¨cejT>abdK532urfwcePRT&prsspjfR)pLfRT&PRprmw©ckiegRT

γ−Lf,β gmaxCβ(K) ≥
5
6
gmaxCX
(
logN
Nh1+β/2
)2(
CXfmax
(
LK′ +
12LK
5
)
+ 3β+1
Lf,β LK
ρ
)
.
y5Or3
R]`jSUjssuriks_r¥'x(prfa¡ckiyuKjsf/ceaX 9"~r3PRpLsw¬ckiegRTgRfwbT"i
αi = α̃i
¥
i = 1, . . . , N
 ÍfwbT"T"w'¥FpLi­urik¢j¨ceieurik_
x ∈ [0, 1]
¥`T
fRp P<u$rTZckpU¢<pLgRfwckPTuK¢akprsgbckT)uKsgRT
pr
f̃ ′N (x) =
N∑
i=1
α̃i
d
dx
Kh(x,Xi) =
N∑
i=1
α̃i K̃h(x,Xi)
y5yr3
jsfa¡ckT>urwpKbdJ9-3D gT"ikT
K̃h(x, u) ,
∂
∂x
Kh(x, u)
 9>rr3
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Ga¡T"T]`gR¢akT"xckjsprf9~Rl9C3jckPckPRT)pLspjsfR©gvRv<T"i¢4prgRfw
∣∣∣K̃h(x, u)
∣∣∣ ≤ h−2gmax
{∣∣∣∣K
′
(
x− u
h
)∣∣∣∣+ gmaxKmax
∣∣∣∣K
(
x− u
h
)∣∣∣∣
}
.
 9>^9P3
wRT"wbgx(T"wprieS f9(}/|3¥" 9"}L~53 gT"fxTL¥RprfRT)Su$_¤ieT(v4T"uKccePRTuKiergST"f/ceapKbdrW3 $dOr3¢/_xyPuKfRLjf
Kh
pLi
K̃h
O&PRT(ieTpLikTL¥$ur/cePRTiyuceT"a¦ikpLSOT9C3 $ydW3¦akPRprgsw¢<T&wbjs/jmwbT>w¢`_
h
¥PjsTocePRTuK¢akprsgbceT
urgRT)pr!cePRT
SuKjsf ceT(ieS pKwbT"x(prSUv4pLakj¨cejpLf,¥RwbgRT)cepqOr3¥Rjsa¢<pLgRfwbT>wuLaprspa

∣∣∣∣
∫ 1
0
fγ(u) K̃h(x, u) du
∣∣∣∣ =
∣∣∣∣
∫ 1
0
(f(u) − f(x))
∂
∂x
Kh(x, u) du
∣∣∣∣
 9>Lr3
≤ Lf,β gmaxCβ(K,K
′)hβ−1 ,
 9>r3
jsfa¡ckT>urwprB dy53YOL53D2tT"SUjfwckPT&wRTfRjckjsprfqy3 $ 9"r3,pLi
Cβ(K,K
′)
PRjsxyP©prsspa,ieprS f9"T9C3D
O&P`ga"¥`priakgb£¤xjsT(f/ce_surikLT
N ≥ N0(ω)
urfw priT"uLxyP
Xj
T)urikiejsrTZuKc
∣∣∣f̃ ′N (Xj)
∣∣∣ ≤ Lf,β gmaxCβ(K,K ′)hβ−1 +O
(
log2N
N2h3
)
≤ Lf,β gmaxCβ(K,K
′)
logN
ρNh2
.
 9>K}J3
VZuKSUT(s_r¥`jsfRT"l/gurjcd_ f9"K}53PRpLswackiegRT­urSUp/adca¡gikT"_UpLi&ur4cePRpLakT
N ≥ N0(ω)
a¡gxyP ckPuKc_dK53jsa
LT(iej¨<T"wuKfw
Lf,β Cβ(K,K
′)
(
logN
hβ+1N
− 1
)
≥
5
6
gmaxCX
(
logN
Nh1+β/2
)2  9>L|r3
·
(
CXfmax
(
L eK′ +
12L eK
5
)
+ 3β+1
Lf,β L eK
ρ
) 9>r~3
PT(ieTHGa¡T"T
,T(SUSu¤|pri&cePRTwbTcyuKjsT>wwRT(SUprfa¡ckiyucejpLfa3
L eK , LK′ + LK gmaxKmax , L eK′ , LK′′ + LK′ gmaxKmax .
 9>d53
 µ jsfurs_r¥bcePRTxpLfa¡ckiyuKjsfLcyaV 9PdW3j¨ceP
Cα ≥ 6fmax
 9>5O3
ursakpPRpLswceikgTgRfwRT(i
αi = α̃i
¥
i = 1, . . . , N
 ÍfwbT"T"w'¥4¢`_¦T(SUSu¤~¤ckPRTprspjsfRjsfRT"l/gurjckjsT"a
Pprmwu a"%priXur
N ≥ N0(ω)
urfw priT>urxyP
j = 1, . . . ,mh
¥RPRT"ikT
mh = bh
−1c 
N∑
i=1
α̃i 1{(j − 1)/mh ≤ Xi < j/mh} ≤ (fmax + γh
β)
(
1/mh + 2CX
logN
N
)  9>5y3
≤ 6fmaxh,
 9r9"3
gfwbT(i)urwwbj¨cejpLfuKuraeakgRSUvbckjsprfaXdK53DO&P`ga"¥'xpLfadceieurjf/cyaw 9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3ZuKieTgRsT>w¬gRfwRT(i	 9>5O53ZuKsSUpLa¡c
akgRieTr¥`pLiuKf`_ akgb£¤xjsT(f/cks_¤muKierT
N

}<]`jf<xTuKs
α̃i ≥ 0
¥Rxprf<adceieurjf/ceaVf9CO53Pprmw ceikgTr¥RuKf<w¦T(SUSuU©jma&vRiep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N+1∑
i=1
1{|x−Xi| ≤ 2h}(Xi −Xi−1)
3 = o
(
h logν N
N2
)  9r959P3
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f̂N
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
 ω ∈ Ω )%^  =Hr     
  
?  N2(ω)   %q)%^W&     2 x ∈ [0, 1]       W

 N ≥ N2(ω)
f̂N (x) ≥ f(x) −
C4(β)
h2
(
logN
N
) 2+β
1+β  9r9>r3
. )%   W     C4(β) 5T  i  CB ! 
(  ³,³*)³*)o¯      + ,T(c&g<a&ceur rT)gakT­pr¦T(SUSuidurfwj¨cya   prieprssurik_¤jsf/ckiep`wRgxjsfR
δy = Lf,β δ
β
x , δx ,
(
2Cf logN
fminLf,β N
) 1
1+β
.
 9r9"3
O&P`ga"¥4pri)uKf`_
N ≥ N6(ω)
urfw urf`_
x ∈ [0, 1]
ckPT(ieT©T`jma¡ceaXjckP vikpL¢uK¢Rjssj¨cd_prfRTP3Xurf¬jsfLceT(LT(i
ik ∈ {1, . . . , N}
a¡gxyPckP<uc
|x−Xik | ≤ δx
 9r9(}J3
urfw
Yik ≥ f(Xik) − δy .
 9r9>|r3
VXp
¥`ckPRT
T>adcejSuKckjsprfT(ieikpLi&uKcu©v4prjsf/c
x
x(urf¢4T
TbvurfwbT"wura
f(x) − f̂N (x) = [f(x) − f(Xik )]
 9r9"~3
+
[
f(Xik ) − f̂N(Xik )
]  9r9Pd53
+
[
f̂N (Xik ) − f̂N(x)
]
.
 9r9CO3
O&PTZceT(ieS jsfckPRT
iejLP/c&P<uKfwa¡jmwbT	 9r9"~53Su$_¤¢4T
¢4prgRfwRT"wurapLspa
|f(x) − f(Xik )| ≤ Lf,β |x−Xik |
β ≤ Lf,β δ
β
x ,
 9r9Cy3
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 9r9CO53
∣∣∣f̂N(Xik ) − f̂N (x)
∣∣∣ ≤ LbfN |x−Xik | ≤ LbfN δx,
 9$K3
jckP©u,jsvaexyPRj¨ceoxpLfa¡ceuKf/c
LbfN
pLi,ckPTgRfxckjsprfT>adcejSuKckpri
f̂N (x)
%tT"Sjsfw)cePuc
f̂N (Xik ) ≥ YikwRgRT)ckpY 9$|W3pri_;K53O&P`ga(¥, 959$|W3jSUvRsjsT"a
f(Xik) − f̂N (Xik ) ≤ (Yik + δy) − Yik = δy .
 9$:9P3
  pLS¢RjsfRjsfRuKsFckPRT>a¡T
¢4prgfwRa&T­pL¢bceurjfieprS f959>~53ckPuKc&priuKs
N ≥ N6(ω)
¥
f(x) − f̂N (x) ≤ δy + Lf,β δ
β
x + LbfN δx .
 9$rr3
O&PT(ieTprieTr¥!uKvRvRs_`jf¬,T(SUSu9uKfwakgR¢a¡ckjckgbcejf¬TbvRieT"aea¡jsprf<aXf959>53Zpri
δx
uKfw
δy
jsf/ckpK 9$rW3
sT"uLw¤cepckPRT
spT"i&¢<pLgRfw
f̂N(x) ≥ f(x) −
(
2Lf,β δ
β
x + LbfN δx
)  9$K3
≥ f(x) −
C4(β)
h2
(
logN
N
) 2+β
1+β  9$}J3
pLiurf/_a¡gR£x(jT"f/cks_muKierT
N
GadcyuKikckjsfR
ieprS ieurfwbpLS uR a"¦fj¨ceTXjsfLceT(LT(i>¥rPRjmxyP wbp`T"aofRpKcwbT(v4T(fw
pLf
x
3DO&PRTiea¡cjfRT>l/guKsj¨cd_
jsfGK}r3!PuLa%¢<T"T(fUuKvRvRsjsT"wPT(ieTjsfpLiewbT"i¦cep­akjsSvj_
ckPTspT(i%¢<pLgRfw'
¦T(SUSu}jmavRieprT>w'
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9L]`jf<xT
|u| = u− 2u1{u < 0}
¥`ckPT
L1
ªàfRprieSpK%T"a¡ckjsSuckjsprfT"ikiepri&x(urf¢4T
TbvurfwbT"wuLa
‖f̂N − f‖1 =
∫ 1
0
[
f̂N (x) − f(x)
]
dx
 9$r|53
+ 2
∫ 1
0
[
f(x) − f̂N(x)
]
1
{
f̂N(x) < f(x)
}
dx.
 9$K~r3
R Q vRvRs_`jf¤,T(SUSuraV9
urfwcepckPRT
iejLP/c&P<uKfwa¡jmwbTif9>r|53_/jsT(mwRa
lim sup
N→∞
h−β
(∫ 1
0
[
f̂N (x) − f(x)
]
dx
)
≤ γ + 4Cα(gmax − 1)Kmax1{β = 1} a.s.
f9>dW3
VXpKceTr¥`ckP<ucprfT­Su$_ 
γ = 2Lf,β gmaxCβ(K)
¥bprijsfa¡ceuKf<xTr
 ÍfpLiewRT(ickppL¢bceurjfuUa¡jsSUjmuKiieT"akgRcpLi&ckPRT)ceT(ieSf9>K~W3¥RfRprckT)ckP<ucX,T"SUSUu}UjsSvjsT"a
ζN (x, ω) , ε
−1
LB(N)
[
f(x) − f̂N (x)
]
≤ C4(β) <∞ a.s.
Éæ%î,ÉËÊ
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  
9-y
gfRj¨pLikSUs_¤jckPikT>a¡v4T"xc&ckp¢4pKckP
x ∈ [0, 1]
uKfw
N ≥ N2(ω)
¥Rj¨ceP
εLB(N) ,
1
h2
(
logN
N
) 2+β
1+β
.
 9$WO3
gXT(fx(Tr¥,pLfRTSUu$_¬urvRvRs_ µ uKckpLg sT(SUSuR¥'cyuK `jfjsf/ckpurx(x(prgRf/c­ckPuKc
u1{u > 0}
jma
ux(prf/ckjsf`gRprga"¥
SUpLfRpKceprfRT­gRfxckjsprf

lim sup
N→∞
ε−1LB(N)
∫ 1
0
[
f(x) − f̂N(x)
]
1
{
f̂N(x) < f(x)
}
dx
 9$Wyr3
≤
∫ 1
0
lim sup
N→∞
ζN (x, ω)1{ζN (x, ω) > 0} dx
f9"Lr3
≤ C4(β) <∞ a.s.
 9"T9-3
}<9O&P/g<a(¥%ckPT pr¢RceuKjsfRT>wikT"suKckjsprfa)ceprLTckPT(ijckP f9>L|W3urfwN 9$K~53)jsSUvRs_ GL|W3 O&PRT"prieT(S 9 jsa
vikpLT"w'
   ï
Íf]`gR¢akT"xckjsprf©~~9oTT"a¡ceuK¢jma¡P©a¡pLSTvRieprv4T(ikckjsT"a,ieT(muceT"w)cepcePRTx(prieikT>xDceT"w) rT"ikfT(;%]`gR¢<a¡T>xDckjsprf©~Rº
vikT>a¡T"fLcya,akprSUTuKgbjsjmuKie_XsT(SUSura¦PRjmxyP
Pu$rT¢4T(T(fga¡T>w­ckpvikpLTO&PT(prieT(SM9r µ jsfurs_r¥$TxprssT"xDc
jsf¬]`gR¢akT"xckjsprf~R Ua¡pLST)sT(SUSurawbT>wbjmx(uceT"w ckpUcePRT
vRiep/pr!pr%tT"SUurik |`
  		*&  	#	,#
¦Tc&ckPT
¢urakjsxZ rT"ikfT(4gRfxckjsprf
K
¢<T
wbT(fRT"wuLajsf¬]`T"xckjsprf}R¥urfw¤cePRT)¢uKf<wbjswbckP
h ∈ (0, 1/2)

tT(SUjf<w cePRT
T"a¡ckjsSucepri
f̂N
wbT(fRT>wjsf[G|53&uLaprspa




f̂N (x) =
N∑
i=1
αiKh(x,Xi)
αi ≥ 0, i = 1, . . . , N,
 9>Lr3
PT(ieTZcePRT
 rT"ikfT(4gRfxckjsprf
Kh(x, t) = h
−1K((x− t)/h) ∀x ∈ (h, 1 − h)
f9"r3
PjsT
Kh(x, t) = h
−1K((x− t)/h)
(∫ x/h
−1
K(t) dt
)−1
∀x ∈ [0, h]
 9>K}3
urfw
Kh(x, t) = h
−1K((x− t)/h)
(∫ 1
(x−1)/h
K(t) dt
)−1
∀x ∈ [1 − h, 1] .
 9"/|53
î!î¹ÐyÓ
r       
	Ww 
O&P`ga"¥'cePRT rT"ikfRT"%gRfxDcejpLf
Kh(x, t)
jmawbT(fRT>w¬pLiuKf`_
(x, t) ∈ [0, 1] × R
¥!uKf<w¬cePRTT"a¡ckjsSuckpLi
f9"/W3jmawbTfT"wpLiurf`_
x ∈ [0, 1]
`jmu
cePRTZ LT(iefRT(
Kh(x, t)
xprieieT"xDceT"wuKccePRT ¡¢4prgRfwuKiejT>aK p fRT
Su$_¤T>urakjs_pr¢<a¡T"ikLTXcePuc
∫ 1
0
Kh(x, u) du = 1 ∀x ∈ [0, 1]
f9"L~r3
urfw'¥Rx(prfakT"l/gRT"fLce_L¥RwbgRT)cepTRxyPuKfRLjfcePRT
jf/ceT(riyuK'urfwckPRTwbT"ikjsucejLTr¥
∫ 1
0
∂
∂x
Kh(x, u) du = 0 ∀x ∈ [0, 1]
f9"JdW3
VXpKceTr¥bcePucXT>l/gucejpLfsf9"dW3SUu$_uKma¡pU¢4T
rT"ikjT"wwbjsieT"xDce_L µ pLijf<adcyuKfx(Tr¥RpLfcePRTsTËcX¢4prgfwRuKie_r¥
j; Trpri
x ∈ [0, h]
¥bT)Pu$LT
Kh(x, t) = h
−1K((x− t)/h)g(x) , g(x) =
(∫ x/h
−1
K(t) dt
)−1
.
 9>5O3
 ZT(fpKckjsfR
K̃h(x, u) =
∂
∂x
Kh(x, u) ,
 9>5yr3
T­ckP`gaP<u$rT
g′(x) = −
(∫ x/h
−1
K(t) dt
)−2
h−1K(x/h) = −g2(x)h−1K(x/h)
 9"}Lr3
urfw
K̃h(x, u) = h
−1K((x− u)/h)g′(x) + g(x)h−2K ′((x− u)/h)
 9(}a9-3
= g(x)h−1
(
h−1K ′
(
x− u
h
)
−K
(
x− u
h
)
Kh(x, 0)
)
.
 9"}/r3
gXT(fx(Tr¥bcePRT)jf/ceT(riyuK
∫ 1
0
K̃h(x, u) du = −
g2(x)
h2
K
(x
h
)∫ 1
0
K
(
x− u
h
)
du+
g(x)
h
[
−K
(
x− u
h
)]u=1
u=0
 9"}L3
T>l/guKma"T(iep9pri
x ∈ [0, h]
 Q a¡jsSUjmuKi©vRiep/prSjsrP/c¢<TikT"v<T>uceT"wpLi
x ∈ [1 − h, 1]
 µ jf<uKs_L¥
T>l/guKsj¨cd_  9"L~W3PRprmwRa&ceikgTZpLiuKs
x ∈ (h, 1 − h)
ckp`p¥RakjsfxT
g(x) ≡ 1
prT(icePRjsajf/ckT"ikurG
ÍfPuKc&prspa"¥bT)gakT)SUprieT­LT(fRT"ieur4prieSgRmuraVG|r3 $§~r3jsfa¡ckT>urwpKb 9"rOW3D¥bcePucjma
Kh(x, t) = h
−1K((x− t)/h) g(x) , g(x) =
(∫ x/h
(x−1)/h
K(t) dt
)−1
, x ∈ [0, 1] .
 9"}r}3
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
^9
O&PT(ieTprieTr¥buLaprspaieprS f9"ry53D¥"f9(}L}53priuKf`_
x ∈ [0, 1]
¥
K̃h(x, u) = h
−1K((x− u)/h)g′(x) + g(x)h−2K ′((x− u)/h)
 9(}`|53
=
g(x)
h
(
1
h
K ′
(
x− u
h
)
+K
(
x− u
h
)
(Kh(x, 1) −Kh(x, 0))
)
.
 9"}L~3
O&PTZpLspjsfR,T(SUSuvRieprT"a&¦jvaexyPRjck(ª;sj LT­x(prfa¡ceurf/cea&jsf[f9"JdP3&uKfw[§~T9C3 $§~/W3D
¯      9" 	r  
 Kh r7   ;   ,R  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A   &    
,R
QB,V  Y>%T ?    
.  W>% h ∈ (0, 1/2)  9, K̃n ?  5T    ? 2 <B#XI &' %^  )%^S   

  <.  Z/  r^ ?   : P%   
    4
∣∣∣K̃h(x, u)
∣∣∣ ≤ gmaxh−2
(
LK + gmaxK
2
max
)
,
 9"}Jd53
∣∣∣∣
∂
∂u
K̃h(x, u)
∣∣∣∣ ≤ gmaxh
−3L eK ,
∣∣∣∣
∂2
∂u2
K̃h(x, u)
∣∣∣∣ ≤ gmaxh
−4L eK′ ,
 9"}rO3
. %TA L eK = LK′ + LK gmaxKmax    L eK′ = LK′′ + LK′ gmaxKmax Q       P
∣∣∣∣
∂3
∂x3
Kh(x, u)
∣∣∣∣ ≤ gmaxL eK′′h
−4  9"}ry3
. %TA
L eK′′ = gmax
[
LK′′ + 3LK′Kmaxgmax + 3LKgmaxK
2
max (1 + 3gmax)
 9$|K3
+ (L2K + 2g
2
maxK
4
max)(1 + 2gmax)
]
.
 9$|:9P3
(  ³,³*) ³ ) ¯      + O&PRTgRvRv4T(i)¢<pLgRfwh 9(}:d3prspa­wbjsikT>xDcks_ikpLS  9(}`|W3 $ 9"}L~53 µ gRikckPRT"i¡ª
SUpLikTL¥`ceuK `jsfRq 9(}`|W3D¥, 9(}/~53jsfLcepurx(x(prgRf/c>¥bprfRT)T"uLa¡jss_¤Su$_ xpLST­cepqf9"Jd3&a¡jsfx(T
∣∣∣∣
∂
∂u
K̃h(x, u)
∣∣∣∣ ≤ gmaxh
−3 (LK′ + LK gmaxKmax) = gmaxh
−3L eK ,
 9$|rr3
urfw'¥RakjSUjssuriks_r¥
∣∣∣∣
∂2
∂u2
K̃h(x, u)
∣∣∣∣ ≤ gmaxh
−4 (LK′′ + LK′ gmaxKmax) = gmaxh
−4L eK′ .
 9$|K3
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ÐyÓ
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	W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w 
Y¬prieT(prT"i"¥/prfT­Su$_ x(prf/ckjsf`gRT
x(ursx(gRsuKckjsprfpK%gRi¡cePRT(iwRT(iejucejLT"aieprS f9"ry53 $ 9(}/~W3&urapLspa

∂2
∂x2
Kh(x, u) = g
′(x)h−1
(
h−1K ′
(
x− u
h
)  9$|}J3
+K
(
x− u
h
)
(Kh(x, 1) −Kh(x, 0))
)  9$|r|r3
+ g(x)h−1
(
h−2K ′′
(
x− u
h
)  9$|K~3
+h−1K ′
(
x− u
h
)
(Kh(x, 1) −Kh(x, 0))
 9$|rdW3
+K
(
x− u
h
)(
∂
∂x
Kh(x, 1) −
∂
∂x
Kh(x, 0)
))  9$|WO3
urfw
∂3
∂x3
Kh(x, u) = g
′′(x)h−1
(
h−1K ′
(
x− u
h
)  9$|Wy3
+K
(
x− u
h
)
(Kh(x, 1) −Kh(x, 0))
)  9>~r3
+ 2g′(x)h−1
(
h−2K ′′
(
x− u
h
)  9>~^9P3
+h−1K ′
(
x− u
h
)
(Kh(x, 1) −Kh(x, 0))
 9>~L53
+K
(
x− u
h
)(
∂
∂x
Kh(x, 1) −
∂
∂x
Kh(x, 0)
))  9>~r3
+ g(x)h−1
(
h−3K ′′′
(
x− u
h
)  9>~K}J3
+h−2K ′′
(
x− u
h
)
(Kh(x, 1) −Kh(x, 0))
 9>~L|53
+ 2h−1K ′
(
x− u
h
)(
∂
∂x
Kh(x, 1) −
∂
∂x
Kh(x, 0)
)  9>~r~3
+K
(
x− u
h
)(
∂2
∂x2
Kh(x, 1) −
∂2
∂x2
Kh(x, 0)
))
.
 9>~d53
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  
r
Y¬prieT(prT"i"¥LieprS f9(}r}3ckPRT
wbT"ikjsuckjsrT>aprsp
g′(x) = g2(x)h−1
(
K
(
x− 1
h
)
−K
( x
h
))
,
 9>~5O3
g′′(x) = 2g(x)g′(x)h−1
(
K
(
x− 1
h
)
−K
( x
h
))  9>~5y3
+ g2(x)h−2
(
K ′
(
x− 1
h
)
−K ′
( x
h
))
,
 9d3
cePRT(ieTpLikTL¥
|g′(x)| ≤ g2maxKmaxh
−1 ,
 9dJ9P3
|g′′(x)| ≤ g2max
(
LK + 2gmaxK
2
max
)
h−2 .
 9dKr3
µ jsfuKss_r¥ga¡jsfRïckPT9¢<pLgRfwRa f9Pd:9C3 $ 9PdrW3jsf1f9>|5yW3 f9"~Jd3UuKfw«cePRT¬wbT<fRj¨cejpLf pK
K̃h
f9(}L}r3T
urikiejsrTZuKcckPRT
¢4prgfw[§~^9-3 G~LW3

h4
∣∣∣∣
∂3
∂x3
Kh(x, u)
∣∣∣∣ ≤ g
2
max
(
LK + 2gmaxK
2
max
) (
LK + gmaxK
2
max
)  9d3
+ 2g2maxKmax (LK′ + LKgmaxKmax
 9d$}J3
+ Kmaxh
2 max
x,u
|K̃h(x, u)| )
 9dK|53
+ gmax(LK′′ + LK′gmaxKmax + 2LKh
2 max
x,u
|K̃h(x, u)|
 9d~r3
+ Kmaxh
3 max
x,u
|∂ K̃h(x, u)/∂x| )
 9PdrdW3
≤ gmax [LK′′ + 3LK′gmaxKmax
 9dO3
+ 3LKgmax
(
LK +K
2
maxgmax
)  9dy3
+ Kmaxg
2
max
(
3KmaxLK + 2K
3
maxg
2
max
)]  9-Or3
= gmax
[
LK′′ + 3LK′Kmaxgmax + 3LKgmaxK
2
max (1 + 3gmax)
 9-O^9P3
+ (L2K + 2g
2
maxK
4
max)(1 + 2gmax)
]
.
 9-OLr3
gXT(ieT©TUuKvRvRsjsT"w9cePRTUgRvRv4T(i)¢4prgRfw  9"}JdP3­ura­T(s2uraXckPRTUprfTr¥FprsspT>wikpLS  9"}/|W3Y 9"}L~W3­uKf<w
f9>|K}r3 $ 9>|5OW3

h3 max
x,u
∣∣∣∣
∂
∂x
K̃h(x, u)
∣∣∣∣ ≤ g
2
maxKmax
(
LK + gmaxK
2
max
)  9-Or3
+ gmaxh
−3 (LK′ + LKgmaxKmax
 9-OK}J3
+Kmaxgmax
(
LK +K
2
maxgmax
))
.
 9-OL|r3
¦T(SUSu|jmavRiep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	W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 
    $	  '#  "  
O&PTZpLspjsfRUikT>a¡gRceaurikT­vRieprT>w¤PRT"ikT­pri&cePRTaeuK rT)pr%xpLSUvRT(ckT"fRT"aea(
¯    9"@ :    f : [0, 1] → R 	A_>%T	P     W MOq  i1    A (Xi)i=1,...,N?    ?  W   ;        r T  5  X &
l . >%[      f(x)/Cf ? 2K       5 Z/    
. %TA Cf   5T   ? 2CB$       X0 = 0    XN+1 = 1 (' %^     i  2    A  W    
CX > 4Cf/fmin
)%^ =Hr 
   S   
82       ?  N0 = N0(ω)   =%Y>%T
max
i=1,...,N+1
∆Xi ≤ CX
logN
N
∀ N ≥ N0
 9-Or~3
. )%   ?  ? 
e32P 
	   *     $   w	,2HP       CX P    

  <. I4
CX = 5fmax/fmin .
 9-Od53
(  ³,³*)&³ ) ¯    + ÍfLceikpbwbg<xT)ugRfRjprieS vuri¡cej¨cejpLf pK¦ckPRT)jsfLceT(ieuK
[0, 1]
prf/ckp
mN
a¡gR¢jf/ckT"i¡ª
ursa
∆k
j¨cePT"l/guK,¦T(¢4T"akrgRT)SUT"uLa¡gikT>a
`(∆k) , 1/mN ≤ CX logN/(2N) , k = 1, . . . ,mN ,
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≤
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P (AcN ) ≤
mN∑
k=1
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i=1
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∫
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C−1f f(u) du
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CX logN
exp
{
−
fminCX
(2 + ε)Cf
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.
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∞∑
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N→∞
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∆k , {(u, v) : (k − 1)/mδ ≤ u ≤ k/mδ , f(u) − δy ≤ v ≤ f(u)} , k = 1, . . . ,mδ .
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)
Grr~3
=
mδ∑
k=1
N∏
i=1
(
1−
∫
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fmin
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Gr5O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(
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.
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G^959-3
urfwprfRT)Su$_ uKvvR_U pLikT"8   uKf/ckT"sjFT"SUSUu,T"SSuidjsavRikpLT"w'
 ³  ³   §b ° E 9, δx    δy 	A >%TN  W W  W    9,XHK U' %^   . >%	   ?  ? 
e32G,&     2 N ≥ N6(ω)   V  2 x ∈ [0, 1] )%^ b=Hr      /  ik ∈ {1, . . . , N}   %w>%T |x−Xik | ≤ δx   f(Xik ) − δy ≤ Yik ≤ f(Xik) 
Éæ%î,ÉËÊ
L1   	
   	  
d
¯      9" :   W g : [0,∆] → R ? _ . 7:  W   T   W  A   ? 
~$ ∆ > 0 :' %^ 
max
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|g ′′(x)| .
G^9>53
(  ³,³*)­³ )o¯      +  ZT(fRprckT
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|g(x1)| = max
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|g(x)| > ḡb .
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∫ x
x1
dt
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g ′′(u) du .
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∫ ∆
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dt
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(∆ − x1)
2
2
max
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